In the article, we present several Hermite-Hadamard-type inequalities for the exponentially convex functions via conformable integrals. As applications, we give new inequalities for certain bivariate means.
Introduction
Recently, the fractional calculus has attracted the attention of several researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . e affect and motivation of the fractional calculus in both theoretical and applied science and engineering arose out substantially. Numerous studies are related with the discrete versions of the fractional calculus which benefit from countless applications in the theory of time scales, physics, different fields of engineering, chemistry, and so forth.
In the past decades, the subject of fractional integrals has attracted the attention for mathematicians working on inequality theory and convexity. Fractional integral operators are sometimes the gateway to physical problems that cannot be expressed by classical integral, sometimes for the solution of problems expressed in fractional order. In recent years, a lot of new operator definitions have been given, and the properties and structures of these operators have been examined. Some of these operators are very close to classical operators in terms of their characteristics and definitions. In general, they have nonlocality property and defined with singular kernels. e derivatives in this calculus seemed complicated and lost some of the basic properties that usual derivatives have such as the product rule and the chain rule. However, the semigroup properties of these operators behave well in some cases. Recently, the authors in [15] defined a new well-behaved simple derivative called "conformable fractional derivative" which depends just on the basic limit definition of the derivative. It will define the derivative of higher order (i.e., order α > 1) and also define the integral of order 0 < α ≤ 1 only. It will also prove the product rule and the mean value theorem and solve some (conformable) differential equations where the fractional exponential function e ξ α /α plays an important rule.
Almost every mathematician knows the importance of convex sets and convex functions in many fields of mathematics, for example, in nonlinear programming and optimization theory. By using the concept of convexity, several integral inequalities have been introduced such as Jensen, Hermite-Hadamard, and Slater inequalities. But, the wellknown one of them is the celebrated Hermite-Hadamard inequality.
Let K ⊆ R be an interval and χ: K ⟶ R be a convex function. en, the double inequality
holds for all a, b ∈ K with a ≠ b.
It is easy to see that if χ is concave on K, then one has the reverse of inequality (1) . Many upper and lower bounds for the mean value of a convex function can be derived by use of inequality (1) . Recently, the generalizations, improvements, refinements, extensions, and variants for Hermite-Hadamard inequality (1) can be found in the literature [16] [17] [18] [19] .
It is well known that convex functions have wide applications in pure and applied mathematics [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] and many other natural sciences . e development in the history of convex function is the minimum of the differentiable convex functions that can be characterized by variational inequalities.
Motivated and inspired by the previous study, a comprehensive investigation of exponentially convex functions for conformable integral in the present paper is new. e class of exponentially convex functions was introduced by Antczak [56] and Dragomir and Gomm [57] . Inspired by these facts, Awan et al. [58] defined a new class of convexity, namely, the exponentially convex function. e growth of research on big data analysis, time space management, and deep learning has recently increased interest in information theory involving exponentially convex functions. e smoothness of exponentially convex functions is exploited for statistical learning, sequential prediction, and stochastic optimization. Now, we recall and introduce some definitions for various convex functions. en, χ is said to be convex (concave) if the inequality holds
which holds for all x, y ∈ K and ξ ∈ [0, 1]. χ is said to be concave if − χ is convex.
holds for all x, y ∈ K and ξ ∈ [0, 1]. It is well known that x ∈ K is the minimum of the differentiable exponentially convex functions χ if and only if it satisfies
for all y ∈ K. Inequality (4) is known as the exponentially variational inequality.
e Riemann-Liouville fractional integral, conformable derivative, and conformable integral are very important in the theory of fractional calculus which are defined as follows.
en, the Riemann-Liouville integral J α μ+ χ and J α ]− χ of order α is defined by
respectively, where Γ(α) � ∞ 0 e − ξ ξ α− 1 dξ is the Euler gamma function [59] [60] [61] .
Definition 5. Let α ∈ (0, 1) and χ: [0, ∞) ⟶ R be a realvalued function. en, the α-order conformable derivative of f at ξ > 0 is defined by
If lim ξ⟶0 + χ (α) (ξ) exists, then we define
Additionally, if χ is differentiable, then
where
We write χ α (ξ) for D α (χ)(ξ) to denote the α-order conformable derivative of χ at ξ. Additionally, we say that χ is α-differentiable if the α-order conformable derivative of χ exists. Definition 6. Let α ∈ (0, 1] and 0 ≤ μ < ].
en, the realvalued function χ:
exists and is finite.
Theorem 1. Let α ∈ (0, 1] and χ: I ⟶ R be an α-differentiable function such that D α (χ) is monotone. en, the double inequality
holds for all μ, ] ∈ I with μ ≠ ].
Note that, if α � 1, then inequality (12) leads to the classical Hermite-Hadamard inequality (1) . e main purpose of the article is to present new Hermite-Hadamard-type inequalities for exponentially convex functions via the conformable integrals and find new inequalities for certain bivariate means.
Main Results
First of all, we provide an integral identity which can be proved easily by the readers.
holds for any
holds, where
Proof. It follows from Lemma 1 and the convexity of the functions
□ 
Proof. From (13) and (20)- (22), we clearly see that
Making use of Hölder's inequality, one has Journal of Function Spaces 5 1 0
Similarly, we have
erefore, inequality (19) follows from (24) and (25) . □ Remark 4. Let α � 1. en, inequality (19) becomes 
and Δ 1 (x, μ) and Δ 2 (x, ]) are given in eorem 3.
Proof. It follows from Lemma 1 that
Making use of power mean inequality, we get
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Similarly, one has
From the convexity of |(e χ ) ′ | q , we get 1 0
where we have used the facts that 
,
Proof. From Definition 3 and Lemma 1, we get
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It follows from the convexity of |(e χ ) ′ | q that 1 0
where we have used the facts that
, 
Proof. We clearly see that |(e χ ) ′ | is concave due to |(e χ ) ′ | q is concave for q > 1. From Definition 3, Lemma 1, the concavity of |(e χ ) ′ |, and Jensen's integral inequality, we get
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where we have used the identities
erefore, inequality (44) follows from (46)- (48) . □
Applications to Special Means
It is very important to give applications in terms of efficiency and usefulness of the obtained results. At the same time, the accuracy of the findings will be confirmed by the applications. A bivariate function Ω: (0, ∞) × (0, ∞) ⟶ (0, ∞) is said to be a mean if min a, b
{ } for all a, b ∈ (0, ∞). Recently, the bivariate means have been the subject of intensive research [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] ; in particular, many remarkable inequalities and properties for the bivariate means and their related special functions can be found in the literature [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] .
In this section, we use the results obtained in Section 2 to derive some inequalities for the weighted arithmetic mean 
holds for all α ∈ (0, 1], s > 1 and x ∈ [μ, ]]. Theorem 9. Let μ, ] > 0 with μ < ]. en, the inequality
holds for all α ∈ (0, 1], s > 1, and x ∈ [μ, ]], where ψ i (α) and ϑ i (α) for i � 1, 2, 3 are defined in eorem 4.
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